A coupled nonlinear Schrodinger-Poisson equation is considered which contains a time-dependent dissipation function as a specific model of dissipation effects in nonlinear quantum transport theory and other areas. The Wigner-Poisson equation associated with this system is derived. Using conservation and quasiconservation laws and certain growth assumptions for the nonlinearities and the dissipation function, global existence of solutions to the Cauchy problem of the time-dependent Schrodinger-Poisson system is shown both for small (attractive case) or arbitrary data (repulsive case). 0 I995 American Institute of Physics.
INTRODUCTION In a recent article' the following nonlinear Schriidinger equation was introduced:
Here p is a specific real function oft only and cr a given function of X. In Ref. 1, Eq. (1.1) models beam propagation in a nonlinear medium where the extra terms involving p are designed to take into account fast longitudinal field oscillations; moreover, t represents a time-dilated spatial variable, and A is the one-dimensional Lapacian. Now thinking of t as the time variable (with x E R3), Eq. (1.1) can be interpreted as a cubic nonlinear Schrodinger equation modeling time-dependent dissipation (to be further explained in Sec. III).
In this article, we consider a generalized version of Eq. (1 .l) which also includes a selfconsistent potential V. In addition, we generalize the cubic nonlinearity to an arbitrary power and, for simplicity we take (Y to be a constant. Hence our equations become -AV= [@12, (1.3) 4%0) = Iclo(x).
(1.4)
Here a~R,p>o,x~W~, tER+, and ,Bis area1 function on R+;g(s)=&(s>O). The term !p'+ appearing in Eq. (1.1) has been omitted from Rq. (1.2) since it can be eliminated by use of the gauge transformation -AV= f j412 (1.5) (1.6) by use of the transformation The self-consistent term V( @) r/j is familiar from quantum transport theory.2-5 For the modified equation the introduction of p represents time-dependent dissipation; in Sec. III we show that the probability density, J~31t,b[~ dx, for this system is proportional to l//3. A model for a constant dissipation rate has been considered in Ref. 6 . This dissipation was implemented in a different manner from that presented here, namely, by adding certain complex terms to the Hamiltonian. Other models for dissipation in quantum mechanics have been treated in Refs. 7 and 8.
In Sec. II we derive the Wigner-Poisson equation associated with the Schrodinger-Poisson system (1.2)-(1.4) by utilizing the Wigner transform described in Ref. 4 . In Sec. III we obtain a conservation law for the probability density and an associated evolution law for a Liapounov functional or "quasienergy" of system (1.2)-( 1.4). In Sec. IV these laws are used to obtain global-in-time existence results for the Cauchy problem of the Schrijdinger system (1.2)-( 1.4); these results can be transferred to the associated Wigner equation along the same lines as in Ref.
II. THE WIGNER EQUATION
The Wigner function, f, , associated with the Schriidinger wave function rj is given by (see Ref. 4) f,(x,v,t)=( zl;;i3fR3 eiuTtj( xf z,t) qb( x-z,t)d,. (we always assume fi= 1).
We introduce O,(g) to represent the pseudodifferential operator with symbol
where n,=l&12 and g(s)= asp. Using these definitions and Eq. (2.2), we arrive at
this can also be written in terms of fc : = pf,
( 
where V, = V(x + ( $2)) t). The transformation r = x + ( v/2), s =x -( 77/2) has been used" to prove the equivalence of the Wigner-Poisson and Schrodinger-Poisson systems (for p-1, CY=O). Defining z(rts,t)=~~(x(r,s),17(r,s),t) (2.12)
we get analogously for z id,(pz)=(H:-Hj)z, (2.13) where H:=-~Ar+V($(r,t))+g(n(r,t)).
Ill. CONSERVATION AND QUASICONSERVATION LAWS (2.14)
In this section we consider (as a preparation for the existence results) some Liapounov-type functionals of (strong) local solutions $ of system (1.2)-( 1.4) (see Sec. IV for a definition of strong solutions). These functionals are important for the physical background of system (1.2) and (1.3). We define Let us remark that the potential term in Eq. (3.2) could be written more generally as R(~)=~~,l~l2(4*l~l2)~x, (3.4) with q(x) = 1 //xl, but we prefer to use the form given here, valid for a Coulomb potential, because it shows positivity directly.
In the following theorem, we assume q to be any local strong solution (see Sec. IV) of Eqs.
) on a time interval ST= [O,T] (T>O) such that P(t) and Q(t) exist for all t in ST.
Consequently, all relevant expressions used in the following proof exist. We also assume that P@%wl.
Theorem 3.1: The following conservation or quasiconservation laws are valid: 
We note that i@L2@+')(R3) for strong solutions I++ (see Sec. 4). Let us remark further that the conservation and quasiconservation laws could also be proven by multiplying Eq. (1.2) by J,LJ (and taking the imaginary part), and then multiplying Eq. (1.2) by pet+ $?p,qb (and taking the real part).
IV. GLOBAL EXISTENCE
Now we present some global existence results for the system (1.2)-( 1.4). These results follow partially from the theory for the nonlinear Schrijdinger equation (without the potential V and for the case /3= 1) and partially from results of the Wigner-Poisson system (for the case /3= 1 and cr=O) (see Refs. 3 and 11). To proceed we first need some notation and definitions.
Let T(t) (t ER) be the group generated by (i/2)A on L2(R3), and 
Remark: In (N2) the assumption &a0 is made to simplify the proof of this case in the following theorem. Furthermore, we note that one could formulate other more complicated conditions on p such that the global existence result again would be true. (2<pSm,t~R\{O},( l/p)+(llq)=l, see Ref. 11, Prop. 3.2.1) . This is applied to values of the form t-s (0 Cs < t) of the time variable. In our case this is true analogously on any finite time interval ST= [ 0, T] , since on S, one has 0 <p(t) C &-for some &->O, and thus for 0 es < t
IlU(t B(Lq
which is enough to give the desired result in our case. Now to arrive at the global strong H2-solution, we need an a priori H2-norm estimate for the local strong H2-solution on any finite time interval ST= [O,T] . By the proof of Theorem 3.1 it is clear that any local strong H2-solution satisfies the conservation and quasiconservation laws (3.5) and (3.6). Note that @EL 2(p+1)(R3) if +H2(R3); this follows from the Sobolev embedding H2(R3)CLZcpi1)(R3) (tlpa0). From Eq. (3.5) we know that the L2-norm of any local strong solution is bounded, i.e., This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. (1) The proof of Theorem 4.1 shows that in some cases one has the estimate which is a contradiction. Remark: The maximal value of the function t( 1 -t) T1 in (0,l) is attained for t= l/r, thus, the best 4, possible in condition (iii) of Lemma 4.2 is ~g= l/y. The second inequality then reads BAY-'+-1)+-Y.
In this context, the condition &t) <A + B +y of Lemma 4.2 is implied by assuming that at t =0 the function &(t) satisfies the estimates which should hold for all t, namely, with Eo=lly.
